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Abstract
The purpose of this paper is to introduce and study the notion of BiHom-pre-alternative
algebra which may be viewed as a BiHom-alternative algebra whose product can be decomposed
into two compatible pieces. Furthermore, we introduce the notion of BiHom-alternative quadri-
algebra and show the connections between all these algebraic structures using Rota-Baxter
operators and O-operators.
Key words: BiHom-alternative algebra, BiHom-pre-alternative algebra, BiHom-alternative quadri-
algebra, bimodule, O-operator.
Introduction
The study of periodicity phenomena in algebraic K-theory led J.-L. Loday in 1990th to introduce
the notion of dendriform algebra ([17]) as the (Koszul) dual of the associative dialgebra. There
is a remarkable fact that a Rota-Baxter operator (of weight zero), which first arose in probability
theory ([9]) and later became a subject in combinatorics ([22]), on an associative algebra naturally
gives a dendriform algebra structure on the underlying vector space of the associative algebra ([2, 3,
11, 17, 18]). Such unexpected relationships between dendriform algebras in the field of operads and
algebraic topology and Rota-Baxter operators in the field of combinatorics and probability have
been attracting a great interest because of their connections with various fields in mathematics
and physics (see [1, 12, 13, 15] and the references therein). Later, Aguiar and Loday introduced
the notion of quadri-algebra ([4] in order to determine the algebraic structures behind a pair of
commuting Rota-Baxter operators (on an associative algebra). This type of algebras are related
for example to the space of linear endomorphisms of an infinitesimal bialgebra and have deep
relationships with combinatorics and the theory of Hopf algebras ([4]). A quadri-algebra is also
regarded as the underlying algebra structure of a dendriform algebra with a nondegenerate 2-
cocycle. The connection between associative algebras and dendriform algebras were generalized to
alternative algebras by X. Ni and C. Bai ([7]) who introduced the notion of pre-alternative algebra or
pre-alternative-dendriform algebra, as a generalization of dendriform algebras. Analogs of quadri-
algebras for alternative algebras had been obtained by S. Madariaga, using the technique of splitting
of operations ([8], [19]). Twisted algebras which were motivated by q-deformations of algebras of
vector fields and also called Hom-algebras or BiHom-algebras have been intensively studied this
last decade [10, 14, 16, 20]. In ([21]), Q. Sun introduced the notion of Hom-pre-alternative algebra
as a generalization of pre-alternative and Hom-dendriform algebras.
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We aim in this paper to introduce the BiHom version of pre-alternative and alternative quadri-
algebras which generalize the classical structures. We also introduce the notion of O-operators
of BiHom-alternative and BiHom-pre-alternative algebras. We will prove that given a BiHom-
alternative algebra and an O-operator give rise to a BiHom pre-alternative algebra. In the same way
we can construct BiHom-alternative quadri-algebras starting by a BiHom pre-alternative algebra.
This paper is organized as follows. In Section 1, we summarize the definitions of BiHom-
alternative, BiHom-pre-alternative algebra and their bimodules. We exploit the notion of O-
operator to illustrate the relations existing between these structures. In Section 2, we define
BiHom-alternative algebras and BiHom-quadri-algebras. Therefore, we discuss their relationships
using O-operators.
Throughout this paper K is a field of characteristic 0 and all vector spaces are over K. We refer
to a BiHom-algebra as quadruple (A,µ, α, β) where A is a vector space, µ is a multiplication and
α, β are two linear maps. It is said to be regular if α, β are invertible. A BiHom-associator is a
trilinear map asα,β defined for all x, y, z ∈ A by asα,β(x, y, z) = α(x)(yz) − (xy)β(z). When there
is no ambiguity, we denote for simplicity the multiplication and composition by concatenation.
1 BiHom-pre-alternative algebras
In this section, we recall the notion of BiHom-alternative algebras given in [10] and we introduce
BiHom-pre-alternative algebras which are a generalization of Hom-type structures given in [21].
Moreover we provide some key constructions.
Definition 1.1. A left BiHom-alternative algebra (resp. right BiHom-alternative algebra) is a
quadruple (A,µ, α, β) consisting of a K-vector space A, a bilinear map µ : A × A −→ A and two
homomorphisms α, β : A −→ A such that αβ = βα, αµ = µα⊗
2
and βµ = µβ⊗
2
that satisfy the
left BiHom-alternative identity, i.e. for all x, y, z ∈ A, one has
asα,β(β(x), α(y), z) + asα,β(β(y), α(x), z) = 0, (1.1)
respectively, the right BiHom-alternative identity, i.e. for all x, y, z ∈ A, one has
asα,β(x, β(y), α(z)) + asα,β(x, β(z), α(y)) = 0. (1.2)
A BiHom-alternative algebra is one which is both a left and a right BiHom-alternative algebra.
Definition 1.2. Let (A,µ, α, β) be a BiHom-alternative algebra and V be a vector space. Let
L,R : A → gl(V ) and φ,ψ ∈ gl(V ) two commuting linear maps. Then (V,L,R, φ, ψ) is called a
bimodule, or a representation, of (A,µ, α, β), if for any x, y ∈ A, v ∈ V ,
φL(x) = L(α(x))φ, φR(x) = R(α(x))φ, (1.3)
ψL(x) = L(β(x))ψ, ψR(x) = R(β(x))ψ (1.4)
L(β(x)α(x))ψ(v) = L(αβ(x))L(α(x))v, (1.5)
R(β(x)α(x))φ(v) = R(αβ(x))R(β(x))v, (1.6)
R(β(y))L(β(x))φ(v) − L(αβ(x))R(y)φ(v) = R(α(x)y)φψ(v) −R(β(y))R(α(x))ψ(v), (1.7)
L(α(y))R(α(x))ψ(v) −R(αβ(x))L(y)ψ(v) = L(yβ(x))φψ(v) − L(α(y))L(β(x))φ(v). (1.8)
Proposition 1.1. A tuple (V,L,R, φ, ψ) is a bimodule of a BiHom-alternative algebra (A,µ, α, β)
if and only if the direct sum (A⊕V, ∗, α+φ, β +ψ) is turned into a BiHom-alternative algebra (the
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semidirect product) where
(x1 + v1) ∗ (x2 + v2) = µ(x1, x2) + L(x1)v2 +R(x2)v1, (1.9)
(α+ φ)(x+ v) = α(x) + φ(v), (β + ψ)(x + v) = β(x) + ψ(v). (1.10)
Proof. For any x, y ∈ A and u, v ∈ V , we have
asα+φ,β+ψ
(
(β + ψ)(x+ u), (α + φ)(x+ u), y + v
)
=
(
(β(x) + ψ(u)) ∗ (α(x) + φ(u))
)
∗
(
β(y) + ψ(v)
)
−
(
αβ(x) + φψ(u)
)
∗
(
(α(x) + φ(u)) ∗ (y + v)
)
=
(
β(x)α(x) + L(β(x))φ(u) +R(α(x))ψ(u)
)
∗
(
β(y) + ψ(v)
)
−
(
αβ(x) + φψ(u)
)
∗
(
α(x)y + L(α(x))v +R(y)φ(u)
)
= (β(x)α(x))β(y) + L(β(x)α(x))ψ(v) +R(β(y))L(β(x))φ(u) +R(β(y))R(α(x))ψ(u)
−αβ(x)(α(x)y) − L(αβ(x))L(α(x))v − L(αβ(x))R(y)φ(u) −R(α(x)y)φψ(u).
Hence asα+φ,β+ψ
(
(β+ψ)(x+u), (α+φ)(x+u), y+ v
)
= 0 if and only if Eqs. (1.5) and (1.7) hold.
Analogously, asα+φ,β+ψ
(
y + v, (β + ψ)(x + u), (α + φ)(x + u)
)
= 0 if and only if (1.6) and (1.8)
hold.
On the other hand, (α + φ)(β + ψ) = (β + ψ)(α + φ), since φψ = ψφ and αβ = βα. Finally, the
multiplicativity of α+φ and β+ψ follow from the facts that φψ = ψφ, φL(x) = L(α(x))φ, φR(x) =
R(α(x))φ, ψL(x) = L(β(x))ψ and ψR(x) = R(β(x))ψ.
The following result gives a construction of a bimodule of a BiHom-alternative algebra starting
with a classical one by means of the Yau twist procedure.
Proposition 1.2. Let (V,L,R) be a bimodule of an alternative algebra (A,µ). Given four linear
maps α, β : A→ A and φ,ψ : V → V such that αβ = βα, φψ = ψφ, φL(x) = L(α(x))φ, φR(x) =
R(α(x))φ, ψL(x) = L(β(x))ψ, and ψR(x) = R(β(x))ψ. Then (V, L˜, R˜, φ, ψ) is a bimodule of
the BiHom-alternative algebra (A,µα,β , α, β), where L˜(x) = L(α(x))ψ, R˜(x) = R(β(x))φ and
µα,β(x, y) = µ(α(x), β(y).
Proof. Let x, y ∈ A and v ∈ V and set µ(x, y) = xy, µα,β(x, y) = x ∗ y. Then
L˜(β(x) ∗ α(x))ψ(v) − L˜(αβ(x))L˜(α(x))v
= L(α2β(x)α2β(x))ψ2(v) − L(α2β(x))L(α2β(x))ψ2(v) = 0,
and
R˜(β(y))L˜(β(x))φ(v) − L˜(αβ(x))R˜(y)φ(v) − R˜(α(x) ∗ y)φψ(v) + R˜(β(y))R˜(α(x))ψ(v)
= R(β2(y))L(α2β(x))φ2ψ(v)− L(α2β(x))R(β2(y))φ2ψ(v)
−R(α2β(x)β2(y))φ2ψ(v) +R(β2(y))R(α2β(x))φ2ψ(v) = 0.
The other identities can be shown using similar computations.
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Let (V,L,R, φ, ψ) be a bimodule of a BiHom-alternative algebra (A,µ, α, β) and let L∗, R∗ :
A → gl(V ∗), α∗, β∗ : A∗ → A∗, φ∗, ψ∗ : V ∗ → V ∗ be the dual maps of respectively α, β, φ and ψ
given by
< L∗(x)u∗, v >=< u∗, L(x)v >, < R∗(x)u∗, v >=< u∗, R(x)v > (1.11)
α∗(x∗)(y) = x∗(α(y)), β∗(x∗)(y) = x∗(β(y)) (1.12)
φ∗(u∗)(v) = u∗(φ(v)), ψ∗(u∗)(v) = u∗(ψ(v)) (1.13)
Proposition 1.3. Let (V,L,R, φ, ψ) be a bimodule of a BiHom-alternative algebra (A,µ, α, β).
Then (V ∗, L∗, R∗, φ∗, ψ∗) is a bimodule of (A,µ, α, β) provided that
ψ(L(β(x)α(x)))u = L(α(x))L(αβ(x))u, (1.14)
φ(R(β(x)α(x)))u = R(β(x))R(αβ(x))u, (1.15)
φL(β(x))R(β(y))u − φR(y)L(αβ(x))u = ψφR(α(x)y)u − ψR(α(x))R(β(y))u, (1.16)
ψR(α(x))L(α(y))u − ψL(y)R(αβ(x))u = ψφL(yβ(x))u − φL(β(x))L(α(y))u, (1.17)
for all x, y ∈ A and u ∈ V .
Proof. Straightforward.
Definition 1.3. [7] A pre-alternative algebra is a triple (A,≺,≻), where A is a vector space and
≺,≻: A×A→ A are two bilinear maps, satisfying
asr(x, y, y) = 0, asl(x, x, y) = 0, (1.18)
asm(x, y, z) + asr(y, x, z) = 0, (1.19)
asm(x, y, z) + asl(x, z, y) = 0, (1.20)
where
asr(x, y, z) = (x ≺ y) ≺ z − x ≺ (y ≺ z + y ≻ z) (right-associator), (1.21)
asm(x, y, z) = (x ≻ y) ≺ z − x ≻ (y ≺ z) (middle-associator), (1.22)
asl(x, y, z) = (x ≺ y + x ≻ y) ≻ z − x ≻ (y ≻ z) (left-associator). (1.23)
Proposition 1.4. [7] Let (A,≺,≻) be a pre-alternative algebra. Then the operation
x ◦ y = x ≺ y + x ≻ y, for all x, y ∈ A,
defines an alternative algebra, which is called the associated alternative algebra of A and denoted by
Alt(A). We call (A,≺,≻) a compatible pre-alternative algebra structure on the alternative algebra
Alt(A).
Now we give the BiHom version of a pre-alternative algebra.
Definition 1.4. A BiHom-pre-alternative algebra (which may be called also BiHom-alternative-
dendriform dialgebra) is a 5-tuple (A,≺,≻, α, β) consisting of a vector space A, bilinear maps
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≺,≻: A×A→ A and two commuting linear maps α, β : A→ A satisfying the following conditions
(for all x, y, z ∈ A):
α(x ≺ y) = α(x) ≺ α(y), α(x ≻ y) = α(x) ≻ α(y), (1.24)
β(x ≺ y) = β(x) ≺ β(y), β(x ≻ y) = β(x) ≻ β(y), (1.25)
asrα,β(x, β(y), α(z)) + as
r
α,β(x, β(z), α(y)) = 0, (1.26)
aslα,β(β(x), α(y), z) + as
l
α,β(β(y), α(x), z) = 0, (1.27)
asmα,β(β(x), α(y), z) + as
r
α,β(β(y), α(x), z) = 0, (1.28)
asmα,β(x, β(y), α(z)) + as
l
α,β(x, β(z), α(y)) = 0, (1.29)
where
asrα,β(x, y, z) = (x ≺ y) ≺ β(z)− α(x) ≺ (y ◦ z), (1.30)
asmα,β(x, y, z) = (x ≻ y) ≺ β(z)− α(x) ≻ (y ≺ z), (1.31)
aslα,β(x, y, z) = (x ◦ y) ≻ β(z)− α(x) ≻ (y ≻ z), (1.32)
named respectively, right-BiHom-associator, middle-BiHom-associator and left-BiHom-associator.
We call α and β (in this order) the structure maps of A.
Note that x ◦ y = x ≺ y + x ≻ y.
It is obvious to see that a BiHom-dendriform algebra is BiHom-pre-alternative, exactly as any
BiHom-associative algebra is BiHom-alternative.
Remark 1.1. Since the characteristic of K is 0, conditions (1.26) and (1.27) are equivalent,
respectively to
asrα,β(x, β(y), α(y)) = 0, (1.33)
aslα,β(β(x), α(x), y) = 0. (1.34)
A morphism f : (A,≺,≻, α, β) → (A′,≺′,≻′, α′, β′) of BiHom-pre-alternative algebras is a linear
map f : A → A′ satisfying f(x ≺ y) = f(x) ≺′ f(y), f(x ≻ y) = f(x) ≻′ f(y), for all x, y ∈ A, as
well as f ◦ α = α′ ◦ f and f ◦ β = β′ ◦ f .
Theorem 1.1. Let (A,≺,≻) be a pre-alternative algebra and α, β : A → A two commuting pre-
alternative algebra morphisms. Define ≺(α,β),≻(α,β): A×A→ A by
x ≺(α,β) y = α(x) ≺ β(y) and x ≻(α,β) y = α(x) ≻ β(y),
for all x, y ∈ A. Then A(α,β) := (A,≺(α,β),≻(α,β), α, β) is a BiHom-pre-alternative algebra, called
the Yau twist of A.
Moreover, assume that (A′,≺′,≻′) is another pre-alternative algebra and α′, β′ : A′ → A′ are
two commuting pre-alternative algebra morphisms. Let f : A → A′ be a pre-alternative algebra
morphism satisfying f ◦ α = α′ ◦ f and f ◦ β = β′ ◦ f . Then f : A(α,β) → A
′
(α′,β′) is a BiHom-pre-
alternative algebra morphism.
Proof. Let x, y, z ∈ A. Then we have
aslα,βl(β(x), α(x), y) = (β(x) ◦(α,β) α(x)) ≻(α,β) β(y)− αβ(x) ≻(α,β) (α(x) ≻(α,β) y)
= (αβ(x) ◦ αβ(x)) ≻(α,β) β(y)− αβ(x) ≻(α,β) (α
2(x) ≻ β(y))
= (α2β(x) ◦ α2β(x)) ≻ β2(y)− α2β(x) ≻ (α2β(x) ≻ β2(y))
= asl(α2β(x), α2β(x), β2(y)) = 0.
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Using a similar computation, one can check that asrα,β(x, β(y), α(y)) = 0.
On the other hand, we get
asmα,β(β(x), α(y), z) + as
r
α,β(β(y), α(x), z)
= (β(x) ≻(α,β) α(y)) ≺(α,β) β(z)− αβ(x) ≻(α,β) (α(y) ≺(α,β) z)
+(β(y) ≺(α,β) α(x)) ≺(α,β) β(z) − αβ(y) ≺(α,β) (α(x) ◦(α,β) z)
= (αβ(x) ≻ αβ(y)) ≺(α,β) β(z) − αβ(x) ≻(α,β) (α
2(y) ≺ β(z))
+(αβ(y) ≺ αβ(x)) ≺(α,β) β(z)− αβ(y) ≺(α,β) (α
2(x) ◦ β(z))
= (α2β(x) ≻ α2β(y)) ≺ β2(z)− α2β(x) ≻ (α2β(y) ≺ β2(z))
+(α2β(y) ≺ α2β(x)) ≺ β2(z)− α2β(y) ≺ (α2β(x) ◦ β2(z))
= asm(α2β(x), α2β(y), β2(z)) + asr(α2β(y), α2β(x), β2(z)) = 0.
The rest is left to the reader.
Remark 1.2. More generally, let (A,≺,≻, α, β) be a BiHom-pre-alternative algebra and α˜, β˜ : A→
A two BiHom-pre-alternative algebra morphisms such that any two of the maps α, β, α˜, β˜ commute.
Define new multiplications on A by
x ≺′ y = α˜(x) ≺ β˜(y) and x ≻′ y = α˜(x) ≻ β˜(y),
for all x, y ∈ A. Then (A,≺′,≻′, αα˜, ββ˜) is a BiHom-pre-alternative algebra.
Proposition 1.5. Let (A,≺,≻, α, β) be a BiHom-pre-alternative algebra. Then (A, ◦, α, β) is a
BiHom-alternative algebra with the operation
x ◦ y = x ≺ y + x ≻ y,
for any x, y ∈ A . We say that (A, ◦, α, β) is the associated BiHom-alternative algebra of (A,≺,≻
, α, β) and (A,≺,≻, α, β) is called a compatible BiHom-alternative algebra structure on the BiHom-
alternative algebra (A, ◦, α, β).
Proof. In fact, for any x, y ∈ A, we have
asα,β(β(x), α(x), y) = (β(x) ◦ α(x)) ◦ β(y)− αβ(x) ◦ (α(x) ◦ y)
= (β(x) ◦ α(x)) ≻ β(y) + (β(x) ◦ α(x)) ≺ β(y)
−αβ(x) ≻ (α(x) ◦ y)− αβ(x) ≺ (α(x) ◦ y)
= (β(x) ◦ α(x)) ≻ β(y) + (β(x) ≻ α(x)) ≺ β(y)
+(β(x) ≺ α(x)) ≺ β(y)− αβ(x) ≻ (α(x) ≻ y)
−αβ(x) ≻ (α(x) ≺ y)− αβ(x) ≺ (α(x) ◦ y)
= aslα,β(β(x), α(x), y) + as
m
α,β(β(x), α(x), y) + as
r
α,β(β(x), α(x), y) = 0.
Similarly, we show that asα,β(x, β(y), α(y)) = 0.
In the following we show connections with BiHom-Jordan algebras and BiHom-Malcev algebras.
We refer for the definitions to [10].
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Corollary 1.1. Let (A,≺,≻, α, β) be a regular BiHom-pre-alternative algebra. Then (A, ⋆, α, β) is
a BiHom-Jordan algebra with the multiplication
x ⋆ y = x ≺ y + x ≻ y + α−1β(y) ≺ αβ−1(x) + α−1β(y) ≻ αβ−1(x),
for any x, y ∈ A.
Corollary 1.2. Let (A,≺,≻, α, β) be a regular BiHom-pre-alternative algebra. Then (A, [−,−], α, β)
is a BiHom-Malcev algebra with the multiplication
[x, y] = x ≺ y + x ≻ y − α−1β(y) ≺ αβ−1(x)− α−1β(y) ≻ αβ−1(x),
for any x, y ∈ A.
Proposition 1.6. Let (A,≺,≻, α, β) be a BiHom-pre-alternative algebra. Then (A, l≻, r≺, α, β) is
a bimodule of the associated BiHom-alternative algebra (A, ◦, α, β), where l≻ and r≺ are the left
and right multiplication operators corresponding respectively to the two multiplications ≺,≻.
Proof. Let x, y, z ∈ A. Then asrα,β(y, β(x), α(x)) = 0, that is
(y ≺ β(x)) ≺ αβ(x) = α(y) ≺ (β(x) ◦ α(x)),
which means that
r≺(αβ(x))r≺(β(x))y = r≺(β(x) ◦ α(x))α(y).
Similarly, aslα,β(β(x), α(x), y) = 0 is equivalent to
l≻(β(x) ◦ α(x))β(y) = l≻(αβ(x))l≻(α(x))y.
On the other hand, we have asmα,β(β(x), α(y), z) + as
r
α,β(β(y), α(x), z) = 0, that is
(β(x) ≻ α(y)) ≺ β(z)− αβ(x) ≻ (α(y) ≺ z) = αβ(y) ≺ (α(x) ◦ z)− (β(y) ≺ α(x)) ≺ β(z).
This means that
r≺(β(z))l≻(β(x))α(y) − l≻(αβ(x))r≺(z)α(y) = r≺(α(x) ◦ z)αβ(y) − r≺(β(z))r≺(α(x))β(y).
Finally, since asmα,β(x, β(y), α(z)) + as
l
α,β(x, β(z), α(y)) = 0 then
(x ≻ β(y)) ≺ αβ(z) − α(x) ≻ (β(y) ≺ α(z)) = (x ◦ β(z)) ≻ αβ(y) − α(x) ≻ (β(z) ≻ α(y)).
Hence
r≺(αβ(z))l≻(x)β(y) − l≻(α(x))r≺(α(z))β(y) = l≻(x ◦ β(z))αβ(y) − l≻(α(x))l≻(β(z))α(y).
The following definition introduces the notion of bimodule of BiHom-pre-alternative algebras.
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Definition 1.5. Let (A ≺,≻, , α, β) be a BiHom-pre-alternative algebra. A Bimodule of A is a
vector space V together with two commuting linear maps φ,ψ : V → V and four linear maps
L≻, L≺, R≻, R≺ : A→ gl(V ) satisfying the following set of identities
φL≺(x) = L≺(α(x))φ,ψL≺(x) = L≺(β(x))ψ, (1.35)
φR≺(x) = R≺(α(x))φ,ψR≺(x) = R≺(β(x))ψ, φL≻(x) = L≻(α(x))φ, (1.36)
ψL≻(x) = L≻(β(x))ψ, φR≻(x) = R≻(α(x))φ,ψR≻(x) = R≻(β(x))ψ, (1.37)
L≻(β(x) ◦ α(x))ψ = L≻(αβ(x))L≻(α(x)), (1.38)
R≻(β(y))(L◦(β(x))φ +R◦(α(x))ψ) = L≻(αβ(x))R≻(y)φ+R≻(α(x) ≻ y)φψ, (1.39)
R≺(αβ(x))R≺(β(x)) = R≺(β(x) ◦ α(x))φ, (1.40)
L≺(α(y))(L◦(β(x))φ +R◦(α(x))ψ) = L≺(y ≺ β(x))φψ +R≺(αβ(x))L≺(y)ψ, (1.41)
L≺(β(x) ≻ α(y + β(y) ≺ α(x))ψ = L≻(αβ(x))L≺(α(y)) + L≺(αβ(y))L0(α(x)), (1.42)
R≺(β(y))(L≻(β(x))φ +R≺(α(x))ψ) = L≻(αβ(x))R≺(y)φ+R≺(α(x) ◦ y)φψ, (1.43)
R≺(β(y))(R≻(α(x))ψ + L≺(β(x))φ) = R≻(α(x) ≺ y)φψ + L≺(αβ(x))R◦(y)φ, (1.44)
R≺(αβ(y))R≻(β(x)) +R≻(αβ(x))R◦(β(y)) = R≻(β(x) ≺ α(y))φ +R≻(β(y) ≻ α(x))φ, (1.45)
R≺(αβ(y))L≻(x)ψ + L≻(x ◦ β(y))φψ = L≻(α(x))(R≺(α(y))ψ + L≻(β(y))φ), (1.46)
L≺(x ≻ β(y))φψ +R≻(αβ(y))L◦(x)ψ = L≻(α(x))L≺(β(y))φ + L≻(α(x))R≻(α(y))ψ, (1.47)
where ◦ =≺ + ≻, L◦ = L≺ + L≻ and R◦ = R≺ +R≻.
Proposition 1.7. A tuple (V,L≻, L≺, R≻, R≺, φ, ψ) is a bimodule of a BiHom-pre-alternative alge-
bra (A,≺,≻, α, β) if and only if the direct sum (A⊕V,≪,≫, α+φ, β+ψ) is a BiHom-pre-alternative
algebra, where
(x+ u)≪ (y + v) = x ≺ y + L≺(x)v +R≺(y)u,
(x+ u)≫ (y + v) = x ≻ y + L≻(x)v +R≻(x)u,
and (α+ φ)(x+ u) = α(x) + φ(u), (β + ψ)(x + u) = β(x) + ψ(u),
for any x, y ∈ A and u, v ∈ V .
Proof. Straightforward and left to the reader.
Definition 1.6. Let (V,L,R, φ, ψ) be a bimodule of a BiHom-alternative algebra (A, ◦, α, β). A
linear map T : V → A is called an O-operator associated to (V,L,R, φ, ψ) if for all u, v ∈ V
T (u) ◦ T (v) = T
(
L(T (u))v +R(T (v))u
)
, Tφ = αT, Tψ = βT. (1.48)
Remark 1.3. A Rota-Baxter operator of weight 0 on a BiHom-alternative algebra (A, ◦, α, β) is
just an O-operator associated to the bimodule (A, ℓ, r, α, β), where ℓ and r are the left and right
multiplication operators corresponding to the multiplication ◦.
Proposition 1.8. Let T : V → A be an O-operator of a BiHom-alternative algebra (A, ·, α, β)
associated to a bimodule (V,L,R, φ, ψ). Then (V,≺,≻, φ, ψ) is a BiHom-pre-alternative algebra
structure, where
u ≺ v = R(T (v))u and u ≻ v = L(T (u))v,
for all u, v ∈ V . Therefore (V, ◦ =≺ + ≻, φ, ψ) is the associated BiHom-alternative algebra of
this BiHom-pre-alternative algebra and T is a BiHom-alternative algebra morphism. Furthermore,
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T (V ) = {T (v); v ∈ V } ⊂ A is a BiHom-alternative subalgebra of (A, ·, α, β) and (T (V ),≺′,≻′, α, β)
is a BiHom-pre-alternative algebra given by
T (u) ≺′ T (v) = T (u ≺ v), and T (u) ≻′ T (v) = T (u ≻ v)
for all u, v ∈ V .
Moreover, the associated BiHom-alternative algebra (T (V ), • =≺′ + ≻′, α, β) is just a BiHom-
alternative subalgebra structure of (A, ·, α, β) and T is a BiHom-alternative algebra morphism.
Proof. For any u, v, w ∈ V ,
aslφ,ψ(ψ(u), φ(u), v) = (ψ(u) ◦ φ(u)) ≻ ψ(v)− φψ(u) ≻ (φ(u) ≻ v)
= L(T (ψ(u) ◦ φ(u)))ψ(v) − φψ(u) ≻ (L(T (φ(u)))v)
= L(T (ψ(u)) ◦ T (φ(u)))ψ(v) − L(T (φψ(u)))L(T (φ(u)))v
= 0.
Furthermore,
aslφ,ψ(u, ψ(v), φ(w)) = (u ◦ ψ(v)) ≻ φψ(w) − φ(u) ≻ (ψ(v) ≻ φ(w))
= L(T (u ◦ ψ(v)))φψ(w) − L(T (φ(u)))L(T (ψ(v)))φ(w)
= L(T (u) ◦ β(T (v)))φψ(w) − L(α(T (u)))L(β(T (v)))φ(w),
and
asmφ,ψ(u, ψ(w), φ(v)) = (u ≻ ψ(w)) ≺ φψ(v)− φ(u) ≻ (ψ(w) ≺ φ(v))
= R(T (φψ(v)))L(T (u))ψ(w) − L(T (φ(u)))R(T (φ(v)))ψ(w)
= R(αβ(T (v)))L(T (u))ψ(w) − L(α(T (u)))R(α(T (v)))ψ(w).
Hence
aslφ,ψ(u, ψ(v), φ(w)) + as
m
φ,ψ(u, ψ(w), φ(v))
= L(T (u) ◦ β(T (v)))φψ(w) − L(α(T (u)))L(β(T (v)))φ(w)
+R(αβ(T (v)))L(T (u))ψ(w) − L(α(T (u)))R(α(T (v)))ψ(w)
= 0.
The other identities for (V,≺,≻, φ, ψ) being a BiHom-pre-alternative algebra can be verified simi-
larly.
Corollary 1.3. Let (A,µ, α, β) be a BiHom-alternative algebra and R : A → A be a Rota-Baxter
operator of weight 0 such that Rα = αR, Rβ = βR. Define the multiplications ≺ and ≻ on A by
x ≺ y = xR(y) and x ≻ y = R(x)y,
for all x, y ∈ A. Then (A,≺,≻, α, β) is a BiHom-pre-alternative algebra.
Proof. The proof is left to the reader.
Now, we introduce a definition of 1-BiHom-cocycle.
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Definition 1.7. Let (A, ·, α, β) be a BiHom-alternative algebra and (V,L,R, φ, ψ) be a bimodule of
A. A linear map D : A → V is said to be a 1-BiHom-cocycle of (A, ., α, β) into (V,L,R, φ, ψ) if,
for all x, y ∈ A,
D(xy) = L(x)D(y) +R(y)D(x), φD = Dα, ψD = Dβ.
Proposition 1.9. Let (A, ., α, β) be a BiHom-alternative algebra. Then the following statements
are equivalent
(i) There is a compatible BiHom-pre-alternative algebra (A,≺,≻, α, β) structure on (A, ·, α, β).
(ii) There is an invertible O-operator associated to a bimodule of (A, ·, α, β).
(iii) There is a bijective 1-BiHom-cocycle of (A, ·, α, β) into a bimodule.
Proof. (iii)⇒ (ii): If D is a bijective 1-BiHom-cocycle of (A, ·, α, β) into a bimodule (V,L,R, φ, ψ),
then D−1 is an O-operator associated to (V,L,R, φ, ψ). Indeed, it’s clear that D−1φ = αD−1 and
D−1ψ = βD−1. Take two elements u, v ∈ V , there is x, y ∈ A such that D(x) = u and D(y) = v.
Since D(xy) = L(x)D(y) +R(y)D(x), then
D−1(u)D−1(v) = D−1
(
L(D−1(u))v +R(D−1(v))u
)
.
(ii) ⇒ (i): If T : V → A is an invertible O-operator associated to a bimodule (V,L,R, φ, ψ), then
T (V ) = A and using Proposition 1.8, there is a compatible pre-alternative algebra structure on A
given by:
x ≺ y = T (R(y)T−1(x)), x ≻ y = T (L(x)T−1(y)), ∀x, y ∈ A. (1.49)
(i)⇒ (iii): If (A,≺,≻, α, β) is a compatible BiHom-pre-alternative algebra structure on (A, ·, α, β),
then it is obvious that the identity map id is a bijective 1-BiHom-cocycle of A into the adjoint
bimodule (A, l≻, r≺, α, β).
2 BiHom-alternative quadri-algebras
In this section, we introduce the BiHom version of alternative quadri-algebras introduced in [19].
This variety of algebras is a generalization of BiHom-quadri-algebras discussed in [16].
Definition 2.1. A BiHom-alternative quadri-algebra is a 7-tuple (A,տ,ւ,ր,ց, α, β) consisting
of a vector space A, four bilinear maps տ,ւ,ր,ց: A× A → A and two commuting linear maps
α, β : A → A which are algebra maps with respect to previous four operations and such that the
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following axioms hold for all x, y, z ∈ A
{β(x), α(y), z}rα,β + {β(y), α(x), z}
m
α,β = 0, (2.50)
{β(x), α(y), z}nα,β + {β(y), α(x), z}
w
α,β = 0, (2.51)
{β(x), α(y), z}neα,β + {β(y), α(x), z}
e
α,β = 0, (2.52)
{β(x), α(y), z}swα,β + {β(y), α(x), z}
s
α,β = 0, (2.53)
{β(x), α(y), z}lα,β + {β(y), α(x), z}
l
α,β = 0, (2.54)
{x, β(y), α(z)}rα,β + {x, β(z), α(y)}
r
α,β = 0, (2.55)
{x, β(y), α(z)}nα,β + {x, β(z), α(y)}
ne
α,β = 0, (2.56)
{x, β(y), α(z)}wα,β + {x, β(z), α(y)}
sw
α,β = 0, (2.57)
{x, β(y), α(z)}mα,β + {x, β(z), α(y)}
l
α,β = 0, (2.58)
{x, β(y), α(z)}sα,β + {x, β(z), α(y)}
e
α,β = 0; (2.59)
where
x ≻ y := xր y + xց y, x ≺ y := xտ y + xւ y,
x ∨ y := xց y + xւ y, x ∧ y := xր y + xտ y,
x ∗ y := xց y + xր y + xւ y + xտ y = x ≻ y + x ≺ y = x ∨ y + x ∧ y.
and
{x, y, z}rα,β = (xտ y)տ β(z) − α(x)տ (y ∗ z), {x, y, z}
l
α,β = (x ∗ y)ց β(z)− α(x)ց (y ց z)
{x, y, z}neα,β = (x ∧ y)ր β(z)− α(x)ր (y ≻ z), {x, y, z}
sw
α,β = (x ≺ y)ւ β(z) − α(x)ւ (y ∨ z),
{x, y, z}nα,β = (xր y)տ β(z) − α(x)ր (y ≺ z), {x, y, z}
w
α,β = (xւ y)տ β(z)− α(x)ւ (y ∧ z),
{x, y, z}sα,β = (x ≻ y)ւ β(z)− α(x)ց (y ւ z), {x, y, z}
e
α,β = (x ∨ y)ր β(z)− α(x)ց (y ր z),
{x, y, z}mα,β = (xց y)տ β(z) − α(x)ց (y տ z).
Remarks 2.1. • Note that in every BiHom-quadri-algebra, all these associators are trivial.
• When α = β = id, the BiHom-alternative quadri-algebra is an alternative quadri-algebra.
• Since K is a field of characteristic different from 2, the identities (2.54) and (2.55) can be written
respectively {β(x), α(x), y}lα,β = 0 and {x, β(y), α(y)}
r
α,β = 0.
Lemma 2.1. Let (A,տ,ւ,ր,ց, α, β) be a BiHom-alternative quadri-algebra. Then both (A,≺
,≻, α, β) and (A,∨,∧, α, β) are BiHom-pre-alternative algebras (called, respectively, horizontal and
vertical BiHom-pre-alternative structures associated to A) and (A, ∗, α, β) is a BiHom-alternative
algebra.
Proof. We will prove just that (A,≺,≻, α, β) is a BiHom-pre-alternative algebra. For this, take
x, y, z ∈ A. We will just show how to prove two identities and the other ones could be done
similarly. We remark that
(x ≺ β(y)) ≺ αβ(y)− α(x) ≺ (β(y) ∗ α(y))
= (xտ β(y))տ αβ(y) + (xտ β(y))ւ αβ(y) + (xւ β(y))տ αβ(y)
+ (xւ β(y))ւ αβ(y)− α(x)տ (β(y) ∗ α(y)) − α(x)ւ (β(y) ∨ α(y))− α(x)ւ (β(y) ∧ α(y))
= {x, β(y), α(y)}rα,β + {x, β(y), α(y)}
w
α,β + {x, β(y), α(y)}
sw
α,β = 0.
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In addition,
asmα,β(β(x), α(y), z) + as
r
α,β(β(y), α(x), z)
= (β(x) ≻ α(y)) ≺ β(z) − αβ(x) ≻ (α(y) ≺ z) + (β(y) ≺ α(x)) ≺ β(z)− αβ(y) ≺ (α(x) ∗ z)
= (β(x)ց α(y))տ β(z) + (β(x)ց α(y))ւ β(z) + (β(x)ր α(y))տ β(z)
+ (β(x)ր α(y))տ β(z)− αβ(x)ց (α(y)տ z)− αβ(x)ց (α(y)ւ z)
− αβ(x)ր (α(y)տ z)− αβ(x)ր (α(y)ւ z) + (β(y) ≺ α(x))ւ β(z)
+ (β(y)տ α(x))տ β(z) + (β(y)ւ α(x))տ β(z) − αβ(y)տ (α(x) ∗ z)
− αβ(y)տ (α(x) ∨ z)− αβ(y)տ (α(x) ∧ z)
= {β(x), α(y), z}mα,β + {β(x), α(y), z}
n
α,β + {β(x), α(y), z}
s
α,β
+ {β(y), α(x), z}rα,β + {β(y), α(x), z}
w
α,β + {β(y), α(x), z}
sw
α,β = 0.
Using a similar computation, we can get
asmα,β(x, β(y), α(z)) + as
l
α,β(x, β(z), α(y))
= {x, β(y), α(z)}mα,β + {x, β(y), α(z)}
n
α,β + {x, β(y), α(z)}
s
α,β
+ {x, β(z), α(y)}lα,β + {x, β(z), α(y)}
ne
α,β + {x, β(z), α(y)}
e
α,β = 0.
Similarly, we can show that (A,∨,∧, α, β) and (A, ∗, α, β) are respectively BiHom-pre-alternative
algebra and BiHom-alternative algebra.
A morphism f : (A,տ,ւ,ր,ց, α, β) → (A′,տ′,ւ′,ր′,ց′, α′, β′) of BiHom-alternative quadri-
algebras is a linear map f : A → A′ satisfying f(x ր y) = f(x) ր′ f(y), f(x ց y) = f(x) ց′
f(y), f(xտ y) = f(x)տ′ f(y) and f(xւ y) = f(x)ւ′ f(y), for all x, y ∈ A, as well as fα = α′f
and fβ = β′f .
Proposition 2.1. Let (A,տ,ւ,ր,ց) be an alternative quadri-algebra and α, β : A → A two
commuting alternative quadri-algebra morphisms. Defineց(α,β),ր(α,β),ւ(α,β),տ(α,β): A×A→ A
by
xց(α,β) y = α(x)ց β(y), xր(α,β) y = α(x)ր β(y),
xւ(α,β) y = α(x)ւ β(y), xտ(α,β) y = α(x)տ β(y),
for all x, y ∈ A. Then A(α,β) := (A,տ(α,β),ւ(α,β),ր(α,β),ց(α,β), α, β) is a BiHom-alternative
quadri-algebra, called the Yau twist of A. Moreover, assume that (A′,տ′,ւ′,ր′,ց′) is another
alternative quadri-algebra and α′, β′ : A′ → A′ are two commuting alternative quadri-algebra
morphisms and f : A → A′ is an alternative quadri-algebra morphism satisfying fα = α′f and
fβ = β′f . Then f : A(α,β) → A
′
(α′,β′) is a BiHom-alternative quadri-algebra morphism.
Proof. We only prove ((2.52)) and ((2.58)) and leave the rest to the reader. We define the following
operations x ≻(α,β) y := x ր(α,β) y + x ց(α,β) y, x ≺(α,β) y := x տ(α,β) y + x ւ(α,β) y,
x ∨(α,β) y := x ց(α,β) y + x ւ(α,β) y, x ∧(α,β) y := x ր(α,β) y + x տ(α,β) y and x ∗(α,β) y :=
x ց(α,β) y + x ր(α,β) y + x ւ(α,β) y + x տ(α,β) y, for all x, y ∈ A. It is easy to get x ≻(α,β)
y = α(x) ≻ β(y), x ≺(α,β) y = α(x) ≺ β(y), x ∨(α,β) y = α(x) ∨ β(y), x ∧(α,β) y = α(x) ∧ β(y)
and x ∗(α,β) y = α(x) ∗ β(y) for all x, y ∈ A. By using the fact that α and β are two commuting
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quadri-alternative algebra morphisms, one can compute, for all x, y, z ∈ A:
{β(x), α(y), z}neα,β + {β(y), α(x), z}
e
α,β
= (β(x) ∧(α,β) α(y))ր(α,β) β(z)− αβ(x)ր(α,β) (α(y) ≻(α,β) z)
+ (β(y) ∨(α,β) α(x))ր(α,β) β(z)− αβ(y)ց(α,β) (α(x)ր(α,β) z)
= (α2β(x) ∧ α2β(y))ր β2(z)− α2β(x)ր (α2β(y) ≻ β2(z))
+ (α2β(y) ∨ α2β(x))ր β2(z)− α2β(y)ց (α2β(x)ր β2(z))
= {α2β(x), α2β(y), β2(z)}ne + {α2β(y), α2β(x), β2(z)}e = 0,
and
{x, β(y), α(z)}mα,β + {x, β(y), α(z)}
l
α,β
= (xց(α,β) β(y))տ(α,β) αβ(z)− α(x)ց(α,β) (β(y)տ(α,β) α(z))
+ (x ∗(α,β) β(z))ց(α,β) αβ(y) − α(x)ց(α,β) (β(z)ց(α,β) α(y))
= (α2(x)ց αβ2(y))տ αβ2(z) − α2(x)ց (αβ2(y)տ αβ2(z))
+ (α2(x) ∗ αβ2(z))ց αβ2(y)− α2(x)ց (αβ2(z)ց αβ2(y))
= {α2(x), αβ2(y), αβ2(z)}m + {α2(x), αβ2(z), αβ2(y)}l = 0.
Remark 2.1. Let (A,տ,ւ,ր,ց, α, β) be a BiHom-alternative quadri-algebra and α˜, β˜ : A→ A
be two BiHom-alternative quadri-algebra morphisms such that any of the maps α, β, α˜, β˜ commute.
Define new multiplications on A by:
xր′ y = α˜(x)ր β˜(y), xց′ y = α˜(x)ց β˜(y),
xտ′ y = α˜(x)տ β˜(y), xւ′ y = α˜(x)ւ β˜(y).
Then, one can prove that (A′,ր′,ց′,ւ′,տ′, α ◦ α˜, β ◦ β˜) is a BiHom-alternative quadri-algebra.
Definition 2.2. Let (A,≺,≻, α, β) be a BiHom-pre-alternative algebra and (V,L≺, R≺, L≻, R≻, φ, ψ)
be a bimodule. A linear map T : V → A is called an O-operator of (A,≺,≻, α, β) associated to
(V,L≺, R≺, L≻, R≻, φ, ψ) if T satisfies: Tφ = αT , Tψ = βT and
T (u) ≻ T (v) = T (L≻(T (u))v +R≻(T (v))u), T (u) ≺ T (v) = T (L≺(T (u))v +R≺(T (v))u),
(2.60)
for all u, v ∈ V .
The have the following results.
Proposition 2.2. Let (V,L≺, R≺, L≻, R≻, φ, ψ) be a bimodule of a BiHom-pre-alternative algebra
(A,≺,≻, α, β) and (A, ◦, α, β) be the associated BiHom-alternative algebra. If T is an O-operator
of (A,≺,≻, α, β) associated to (V,L≺, R≺, L≻, R≻, φ, ψ), then T is an O-operator of (A, ◦, α, β)
associated to (V,L≺ + L≻, R≺ +R≻, φ, ψ).
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Proposition 2.3. Let (A,≺,≻, α, β) be a BiHom-pre-alternative algebra and (V,L≺, R≺, L≻, R≻, φ, ψ)
be a bimodule. Let T be an O-operator of (A,≺,≻, α, β) associated to (V,L≺, R≺, L≻, R≻, φ, ψ).
Then there exists a BiHom-alternative quadri-algebra structure on V given for any u, v ∈ V by
uց v = L≻(T (u))v, uր v = R≻(T (v))u, uւ v = L≺(T (u))v, uտ v = R≺(T (v))u. (2.61)
Therefore there exists a BiHom-pre-alternative algebra structure on V given by
u ≺ v = uւ v + uտ v, u ≻ v = uց v + uր v,
and T is a homomorphism of BiHom-pre-alternative algebras.
Furthermore, T (V ) = {T (v), v ∈ V } ⊂ A is a BiHom-pre-alternative subalgebra of A and there
exists an induced BiHom-alternative quadri-algebra structure on T (V ) given by
T (u)ց T (v) = T (uց v), T (u)ր T (v) = T (uր v),
T (u)ւ T (v) = T (uւ v), T (u)տ T (v) = T (uտ v). (2.62)
Moreover, its corresponding associated horizontal BiHom-pre-alternative algebra structure on T (V )
is just the BiHom-pre-alternative subalgebra structure of (A,≺,≻, α, β) and T a BiHom-alternative
quadri-algebra homomorphism.
Proof. Set L = L≺ + L≻ and R = R≺ +R≻. For any u, v, w ∈ V , we have
(ψ(u) ∗ φ(u))ց ψ(v) − φψ(u)ց (φ(u)ց v)
= (L(T (ψ(u)))φ(u) +R(T (φ(u)))ψ(u)) ց ψ(v) − φψ(u)ց (L≻(T (φ(u)))v)
= L≻(T (L(T (ψ(u)))φ(u) +R(T (φ(u)))ψ(u)))ψ(v) − L≻(T (φψ(u)))L≻(T (φ(u)))v
= L≻(T (ψ(u)) ◦ T (φ(u)))ψ(v) − L≻(T (φψ(u)))L≻(T (φ(u)))v = 0.
Furthermore,
(uւ ψ(v)) տ φψ(w) − φ(u)ւ (ψ(v)տ φ(w) + ψ(v)ր φ(w))
= R≺(T (φψ(w)))L≺(T (u))ψ(v) − L≺(T (φ(u)))(R≺(T (φ(w)))ψ(v) +R≻(T (φ(w)))ψ(v))
= R≺(T (φψ(w)))L≺(T (u))ψ(v) − L≺(T (φ(u)))R(T (φ(w)))ψ(v),
and
(uտ ψ(w) + uւ ψ(w)) ւ φψ(v) − φ(u)ւ (ψ(w)ց φ(v) + ψ(w)ւ φ(v))
= L≺(T (R≺(ψ(w))u + L≺(u)ψ(w)))φψ(v) − L≺(T (φ(u)))(L≻(T (ψ(w)))φ(v) + L≺(T (ψ(w)))φ(v))
= L≺(T (u) ≺ T (ψ(w)))φψ(v) − L≺(T (φ(u)))L(T (ψ(w)))φ(v).
This means that
{u, ψ(v), φ(w)}wφ,ψ + {u, ψ(w), φ(v)}
sw
φ,ψ =
R≺(T (φψ(w)))L≺(T (u))ψ(v) − L≺(T (φ(u)))R(T (φ(w)))ψ(v)
+ L≺(T (u) ≺ T (ψ(w)))φψ(v) − L≺(T (φ(u)))L(T (ψ(w)))φ(v) = 0,
since (V,L≺, R≺, L≻, R≻, φ, ψ) is a bimodule of (A,≺,≻, α, β). The rest of identities can be proved
using analogous computations, so they will be left to the reader.
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Corollary 2.1. Let (A,≺,≻, α, β) be a BiHom-pre-alternative algebra. Then there exists a com-
patible BiHom-alternative quadri-algebra structure on (A,≺,≻, α, β) such that (A,≺,≻, α, β) is
the associated horizontal BiHom-pre-alternative algebra if and only if there exists an invertible
O-operator of (A,≺,≻, α, β).
Proof. If there exists an invertible O-operator T of (A,≺,≻, α, β) associated to a bimodule
(V,L≺, R≺, L≻, R≻, φ, ψ), then by Proposition 2.3, there exists a BiHom-alternative quadri-
algebra structure on V . Therefore we can define a BiHom-alternative quadri-algebra structure on
A by equation (2.62) such that T is a BiHom-alternative quadri-algebra isomorphism, that is,
xց y = T (L≻(x)T
−1(y)), xր y = T (R≻(y)T
−1(x)),
xւ y = T (L≺(x)T
−1(y)), xտ y = T (R≺(y)T
−1(x)), ∀x, y ∈ A.
Moreover it is a compatible BiHom-alternative quadri-algebra structure on (A,≺,≻, α, β) since for
any x, y ∈ A, we have
x ≻ y = T (T−1(x) ≻ T−1(y)) = T (R≻(y)T
−1(x) +R≻(x)T
−1(y)) = xր y + xց y,
x ≺ y = T (T−1(x) ≺ T−1(y)) = T (R≺(y)T
−1(x) + L≺(x)T
−1(y)) = xտ y + xւ y.
Conversely, let (A,ց,ր,տ,ւ) be a BiHom-alternative quadri-algebra and (A,≺,≻, α, β) be
the associated horizontal BiHom-pre-alternative algebra. Then (A,Lց, Rր, Lւ, Rտ, α, β) is a
bimodule of (A,≺,≻, α, β) and the identity map id is an invertible O-operator of (A,≺,≻, α, β)
associated to it.
Now, we introduce the following concept of Rota-Baxter operator on a BiHom-alternative
quadri-algebra which is a particular case of O-operator.
Definition 2.3. Let (A,≺,≻, α, β) be a BiHom-pre-alternative algebra. A Rota-Baxter operator
of weight 0 on A is a linear map R : A → A such that Rα = αR, Rβ = βR and the following
conditions are satisfied, for all x, y ∈ A:
R(x) ≻ R(y) = R(x ≻ R(y) +R(x) ≻ y), (2.63)
R(x) ≺ R(y) = R(x ≺ R(y) +R(x) ≺ y). (2.64)
We know that (A, ∗, α, β) is a BiHom-alternative algebra. Adding equations (2.63) and (2.64),
one obtains that R is also a Rota-Baxter operator of weight 0 for (A, ∗):
R(x) ∗R(y) = R(x ∗R(y) +R(x) ∗ y).
Analogously to what happens for BiHom-quadri-algebras [16], Rota-Baxter operators allow
different constructions for BiHom-alternative quadri-algebras.
Corollary 2.2. Let (A,≺,≻, α, β) be a BiHom-pre-alternative algebra and R : A → A be a Rota-
Baxter operator of weight 0 for A. Define new operations on A by
xցR y = R(x) ≻ y, xրR y = x ≻ R(y), xւR y = R(x) ≺ y and xտR y = x ≺ R(y).
Then (A,տR,ւR,րR,ցR, α, β) is a BiHom-alternative quadri-algebra.
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Lemma 2.2. Let (A, ∗, α, β) be a BiHom-alternative algebra and R,P two commuting Rota-Baxter
operators on A such that Rα = αR, Rβ = βR, Pα = αP and Pβ = βP . Then P is a Rota-
Baxter operator on the BiHom-pre-alternative algebra (A,≺R,≻R, α, β). where x ≺R y = xR(y)
and x ≻R y = R(x)y.
Proof. For all x, y ∈ A, we have:
P (x) ≻R P (y) = R(P (x))P (y) = P (R(x))P (y)
= P (R(x)P (y) + P (R(x))y) = P (R(x)P (y) +R(P (x))y)
= P (x ≻R P (y) + P (x) ≻R y),
and
P (x) ≺R P (y) = P (x)R(P (y)) = P (x)P (R(y))
= P (xP (R(y)) + P (x)R(y)) = P (xR(P (y)) + P (x)R(y))
= P (x ≺R P (y) + P (x) ≺R y).
Corollary 2.3. In the setting of Lemma 2.2, there exists a BiHom-alternative quadri-algebra struc-
ture on the underlying vector space (A, ∗, α, β), with operations defined by
xց y = P (x) ≻R y = P (R(x))y = R(P (x))y,
xր y = x ≻R P (y) = R(x)P (y),
xւ y = P (x) ≺R y = P (x)R(y),
xտ y = x ≺R P (y) = xR(P (y)) = xP (R(y)).
Proof. We use the construction in Proposition 2.2 with the Rota-Baxter operator P of weight 0
and the BiHom-pre-alternative algebra (A,≺R,≻R, α, β).
References
[1] E. Abdaoui, S. Mabrouk, A. Makhlouf, Rota-Baxter Operators on Pre-Lie Superalgebras. Bul-
letin of the Malaysian Mathematical Sciences Society, (2017) 1–40.
[2] M. Aguiar, Infinitesimal Hopf algebras, Contemp. Math., 267, (2000) 1–29.
[3] M. Aguiar, Pre-Poisson algebras, Lett. Math. Phys., 54, (2000) 263–277.
[4] M. Aguiar and J.-L. Loday, Quadri-algebras, J. Pure Applied Algebra, 191, (2004) 205–221.
[5] C.M. Bai, A further study on non-abelian phase spaces: Left-symmetric algebraic approach and
related geometry, Rev. Math. Phys. 18 (2006) 545–564.
[6] C.M. Bai, A unified algebraic approach to classical Yang-Baxter equation, J. Phy. A: Math.
Theor. 40 (2007) 11073–11082.
[7] C.M. Bai, X. Ni, Pre-alternative algebras and pre-alternative bialgebras, Pacific J. Math. 248
(2010) 355–390.
16
[8] C.M. Bai, , O. Bellier, L. Guo, X. Ni Splitting of operations, Manin products, and Rota-Baxter
operators, Int. Math. Res. Not. 3 (2013) 485524.
[9] G. Baxter, An analytic problem whose solution follows from a simple algebraic identity, Pacific
J. Math. 10 (1960) 731–742.
[10] T. Chtioui, S. Mabrouk, A. Makhlouf, BiHom-alternative, BiHom-Malcev and BiHom-Jordan
algebras, arXiv:1811.10394v1.
[11] K. Ebrahimi-Fard, Loday-type algebras and the Rota-Baxter relation, Lett. Math. Phys., 61,
(2002) 139–147.
[12] K. Ebrahimi-Fard and L. Guo, Rota-Baxter algebras in renormalization of perturbative quan-
tum field theory, in “Universality and Renormalization”, Fields Institute Communications 50,
Amer. Math. Soc. (2007) 47–105.
[13] K. Ebrahimi-Fard, D. Manchon, F. Patras, New identities in dendriform algebras, J. Algebra,
320, (2008) 708–727.
[14] G. Graziani, A. Makhlouf, C. Menini, F. Panaite, BiHom-associative algebras, BiHom-Lie
algebras and BiHom-bialgebras. SIGMA Symmetry Integrability Geom. Methods Appl. 11 (2015),
Paper 086, 34 pp.
[15] V. Y. Gubarev, P. S. Kolesnikov, Embedding of dendriform algebras into Rota-Baxter algebras.
Cent. Eur. J. Math. 11 (2013) 226245.
[16] L. Liu, A. Makhlouf, C. Menini, F. Panaite, Rota-Baxter operators on BiHom-associative
algebras and related structures, arXiv:1703.07275.
[17] J.-L. Loday, Dialgebras, in “Dialgebras and related operads”, Lecture Notes in Math., 1763,
Springer, Berlin, (2001) 7–66.
[18] J.-L. Loday, Scindement d’associativite´ et alge`bres de Hopf, Proceedings of the Conference in
honor of Jean Leray, Nantes (2002), Se´minaire et Congre`s (SMF), 9 (2004) 155–172.
[19] S. Madariaga, Splitting of operations for alternative and Malcev structures, Communications
in Algebra, 45:1, (2014) 183–197.
[20] A. Makhlouf, Hom-alternative algebras and Hom-Jordan algebras, International Electronic
Journal of Algebra Volume 8 (2010) 177–190.
[21] Q. Sun, On Hom-Prealternative Bialgebras, Algebr Represent Theor (2016) 19:657677.
[22] G. -C. Rota, Baxter algebras and combinatorial identities I, Bull. Amer. Math. Soc. 75 (1969)
325–329.
[23] R.D. Schafer, Representations of Alternative algebras, Trans. Amer. Math. Soc. 72 (1952)
1–17.
17
